The distributions of the single decay b-quarks and leptons from e + e − → tt assuming CP violation are reviewed. Different asymmetries , sensitive independently to CP violation in the production and in the decay, and sensitive to the real and imaginary parts of d γ and d Z are defined. The analytic expressions are general and independent on the model of CP violation. In most of them all phase space integrations are fulfilled analytically. Numerical results in the MSSM with complex couplings are presented.
Introduction
The large mass of the top quark allows to probe high energies, where new physics might show up as well. In the last years a number of papers consider CP violating observables in processes with top quarks as tests of physics beyond the Standard Model (SM). There are several reasons for this:
1. Owing to its large mass (m t = 175GeV ) [1] , the top quark will decay before forming a hadronic bound state. Therefore its polarization will not be deluted by possible hadronization processes and it can be determined by the distributions of its decay products. CP violation is sensitive to the polarization of the top-quark.
2. Theoretical predictions are more reliable as they are free of the hadronization uncertainties.
3. Due to the GIM mechanism, the effects of CP violation in SM are very small. Thus, observation of CP violation in the top-quark physics would be an indication of physics beyond the SM. Supersymmetric models and models with more than one Higgs doublet are at present the most favoured candidates. They provide new sources of CP violation [2] that lead to CP non conservation at one loop level.
For testing of CP invariance one has to compare the decays of the top quark with those of the anti-top quark. It is important that in the future e + e − colliders the top-antitop quark pairs will be copiously produced and their decay modes will be studied in the same experiment. In general CP violation enters both the production and decay processes. In the distribution of the t-decay products it enters through the t-polarization. This means that if the t-quark would decay unpolarized (due to possible hadronization processes) the distribution of its decay products would not be sensitive to possible CP violation. As shown in [3] the effects of depolarization due to such hadronization processes for the top quark are very small.
We shall consider the t (t) -quarks produced in e + e − annihilation 1 . They will be identified by their decay products. As the top quark actually does not mix with 1 CP violation in tt production at hadron colliders has been discussed in [4] the quarks from the other generations, its only decay mode in SM is t → bW . Consequently, information about the t-polarization will be carried both by the bquarks and by the W 's. We shall consider the general expressions for CP violation comparing the angular [5] and energy [6] distributions of b andb in the CP conjugate processes:
X ′ (X ′ ) stands fortW (tW − ) irrespectively how the W ′ s are identified. Previously the effects of the dipole moment form factors in (1) were considered in [7] . The CP violating asymmetries organized from the b andb quarks in processes (1) have the advantage that they have no background: If the b andb quarks are produced directly in e + e − → bb the final state is CP even and thus cannot induce any CP violating asymmetries. The b andb quarks may come also from the decays of W ± :
e + e − → W + W − , W ± → bc, that are Cabbibo supressed and CP violation can be of academic interest only. Thus, measuring CP violation through (1) does not require reconstruction of the processes event by event. However, a clear identification of the jets from b andb is necessary. Different methods of b-tagging are considered in [5] . The W 's can be studied through the angular [8, 9, 10, 11] and energy [12, 13, 14] distributions of the leptons from the decays W ± → l ± ν: e + + e − → tt → bl + X , e + + e − → tt →bl
Here we shall study CP violation comparing the angular distributions of b, l + and b, l − with special emphasis on triple product correlations [9] .
The longitudinal polarizations of e + and e − are also taken into account.
There are three verticies that can introduce CP violation:
• In the γtt and Ztt vertices CP violation is introduced by the electric d 
where (s) can be introduced only by an interaction in the production process e + e − → tt that is both P and T violating, and through CP T invariance, also CP violating.
Very recently a nice review on the dipole moment form factors appeared [15] .
• The tbW vertex, that determine the weak decays of the t andt quarks, see eq. (83), is written in the form:
with P t = p t +p b , Pt = pt +pb. In eqs. (5) and (6) R have both CP -invariant and CP -violating contributions:
where the superscript SM (CP) denotes the CP invariant (CP violating) contributions to the form factors. In analogy with the dipole moment form factors, we have explicitely written the i in front of f 
For understanding the mechanism of CP violation, it is important to distinguish CP violation in the production from CP violation in the decay processes. As we shall see, the distributions of the decay products are mainly sensitive to CP violation in the production, CP violation in the decay vertex being suppressed by the amount of the SM t-polarization. In order to study CP violation in the decay more useful appears the difference between the partial decay rates of t andt [16, 17] :
This difference propagates into the differencies of the total number in events of the CP conjugate processes (1) and these of (2) . In general the CP violating pieces in the production and decay verticies have contributions from both real and absorptive parts of the amplitude. In accordance with this we have two types of observables: CP violation in the absorptive parts of the amplitude (ℑm
enter the energy and the angular distributions. Such an observable is also A CP , which is proportional to the absorptive parts of the CP violating contributions of the tbW vertex. In order to measure CP violation in the real parts of the amplitude one has to consider triple correlations of the type
where q 1,2,3 can be any one of the 3-momenta in each of the processes (1) or (2) . Triple product correlations of particle momenta and spin for a general study of CP violation in tt production in e + e − annihilation and in pp collisions have been proposed in [8, 18] . The correlations (10) are called T-odd as they change sign under the a flip of the 3-momenta involved. However, this does not imply T , or through CP T also CP violation. The time reversal operation T implies not only reverse of the particle momenta and spin, but also interchange of the initial and final states. When loop corrections are included the correlations T can arise either from absorptive CP invariant parts in the amplitude (so-called final state interactions [19] ), or from CP violation. The former effect is a consequence of the unitarity of the S-matrix and it is our background. It can be eliminated either by taking the difference between the process we are interested in and its CP conjugate or by direct estimates. T -odd correlations in the SM due to gluon or Higgs boson exchange in the final states have been considered in [20, 21] . The contributions of the real and imaginary parts of the CP violating form factors to different pieces of the cross section can be understood as follows. The CP violating terms in the cross section come from the interference of the (real) tree level SM amplitude and the CP violating loop corrections. The i from the CP violating coupling and the i from the absorptive part of the loop guarantee that the energy and angular distributions are real. The triple products (10) originate from the covariant quantity iε αβγδ p (1) and (2)) when written in the laboratory frame. The i from the CP violating coupling and the i in front of ε αβγδ quarantee real contribution to the cross section only if real parts of the loop corrections are involved.
The presented formula for the distributions and the asymmetries are general and model independent. At the end we present numerical results in the Minimal Supersymmetric Standard Model (MSSM) with complex constants, where the CP violating form factors appear at one loop level. We have used the results of [22] , where a complete analysis of d γ and d Z in the MSSM was performed.
The Formalism
In order to obtain analytic expressions for the distributions of the decay products in the sequential processes (1) and (2) we follow the formalism of [23] . This approach allows a clear physical interpretation of the different contributions in the cross section in terms of the polarization vectors of the decaying particle. For the cross sections of (1) in the narrow width approximation for the top quark (Γ t ≪ m t ) we write
For the cross sections of (2) in the narrow width approximation for t and
Here d σ
λλ ′ is the differential cross section for t (t) production in e + e − annihilation, λ, λ ′ are the degrees of longitudinal polarization of the e − , e + beams. dΓ t (dΓ t ) is the differential decay rate for t → bW + (t →bW − ) when the t (t) quark is polarized, its polarization determined in the previous production process, and dΓ W ± is the differential decay rate of W ± → l ± ν, with the polarization states for W ± determined in the preceeding t (t) decay, E t(t) and E W ± are the energies of t (t) and W ± . All quantities are in the c.m.system of e + e − . Γ t and Γ W are the total decay widths of t and W . From (11) and (12) the cross sections of (1) and (2) are obtained in terms of the polarization 4-vector ξ t (ξt) of the t (t) quarks.
For the differential cross sections of (1), assuming CP violation both in the production and decay vertices of the top-quark we obtain [5] :
Here σ
is the cross section of (1) -those due to CP violation in the decay. We consider the SM at tree level, which implies that the SM form factors f SM L and g SM R are neglected. We use a reference frame in which the z-axis points the direction of q e , q e and p t(t) determine the xz-plane, cos θ t(t) is the scattering angle of t (t). The polarization vectors ξ t and ξt get contributions from the SM and from CP violating interactions:
For the differential cross section of (2) we obtain:
The indicies ± correspond to l + and l − production. σ ± 0 is the tree level SM cross section of (2) for unpolarized decaying top quarks, A ± SM is the contribution from the SM polarization, the terms A is abbreviation of ε αβγδ p
. Eqs. (13) and (18) are our basic formula. They imply that CP violation enters the angular and energy distributions of the b quarks and the leptons only through the polarization of the top quarks. The coefficients α b and α l determine the sensitivity of the b-quarks and the leptons to the t-polarization. We have [8] :
The sensitivity to CP violation in the production plane is determined by α b or α l and ξ CP . The sensitivity to CP violation in the decay is determined by α b or α l , the form factors f (1) and (2) for totally unpolarized decaying top quarks with longitudinally polarized initial electronpositron beams. We have:
Here E b(b) and E l ± are the energies of the b-quarks and the final leptons in the c.m.system:
√ s is the total c.m.energy, β = 1 − 4m 2 t /s is the velocity of the t quark,
We take m b = 0,. Γ t→bW is the partial decay width of the top quark for the decay t → bW :
where V tb is the corresponding element in the CKM mixing matrix. In (23) and (24) we take Γ t→bW /Γ t = 1. We use the notation:
The dependence on the beam polarizations comes through the functions F i , i = 1, 2, 3, given by
where
The quantities c V = −(1/2) + 2 sin 2 Θ W , and c A = (1/2) are the SM couplings of Z to the electron,
The polarization vector
The amplitude for e + e − → tt, assuming CP violation, is
Now we will give the expressions [5] for the polarization four-vectors ξ t µ and ξt µ including the dependence on the electric and weak dipole moment form factors. ξ t,t determine the spin density matricies of the decaying t andt quarks:
As (p t ξ) = 0, in general the polarization vector ξ t µ can be decomposed covariantly along three independent four-vectors orthogonal to p t : two of them, Q µ e and Q μ e are in the production plane:
and the third one is normal to it: ε µαβγ p α t q β e q γ e . Most generally, we can write:
The components P t e(ē) get contributions from both SM and CP violating terms. The SM at tree level does not contribute to the normal component D t . Thus we have:
The polarization 4-vector is determined by the expression [23] 
where M is the amplitude (33). The projection operator (g µν − m −2 t p tµ p tν ) guarantees the condition (ξp t ) = 0. In the c.m.system the SM contribution to P t e(ē) (SM ) at tree-level is
where G i , i = 1, 2, 3 are given by: 
Here we have used the notation:
The real parts of d 
Here
Note that H 
We have: 
In analogy to eq.(36) we define:
and obtain:
The expressions for the cross sections of (1) and (2) are naturally expressed in terms of the dimensionless combinations:
4
The process e + e − → bX
The differential cross section
In this section we summarize the rezults of [5] and [6] . Using the explicit expressions eqs. (35) and (48) for the top and the anti-top quark polarization fourvectors we obtain from (13) the analytic formula for the cross sections of (1) in the c.m.system [5] :
whereq andp are unit 3-vectors in the direction of the particles. σ
is given in eq. (23) . In (57) we have kept only the dependence on the electroweak dipole moment form factors and neglected CP violation in the decay of the top quark.
The angular distributions of b andb quarks
Integrating (57) over cos θ t(t) and ϕ b(b) we obtain the cos θ b(b) -distribution of the b(b) quarks in the c.m.system:
ln[
The two independent combinations of the dipole moment form factors H 1 and H 2 enter (58), which implies that studying the angular distribution of the b andb quarks one can obtain information about both ℑmd γ and ℑmd Z .
These formulae coincide with the analogous SM expressions obtained in [21] for the unpolarized e + e − and with [24] for polarized e + e − .
The energy distributions of b andb quarks
Using (57) it is starightforward to obtain the energy distribution of the b andb quarks if one moves to the frame where the z-axis points into the direction of the top quarks [6] :
We have used the conventional dimensionless energy variables
and the notation
Note that the linear behaviour of the spectra is introduced only by the top polarization -both c 
CP violating asymmetries
The electroweak dipole moment form factors d γ,Z (s) have both real and imaginary parts. To obtain information about the dipole moment form factors from the differential cross section is a difficult task and it acquires very high precision of measurements. In the following we consider different integral observables, sensitive to CP invariance for the angular distribution (58) implies: 
Then we define the CP violating asymmetry A F B λλ ′ :
Other CP violating angular asymmetries, including also the general analytic expressions for their dependence on the experimental cuts are presented in [5] . CP invariance for the energy spectra of b andb implies:
The corresponding integrated energy observable A E λλ ′ indicating CP violation is
is the total number of b (b) quarks (the total cross section) of (1):
N tot is given by (60 i . In analogy to the standard forward-backward asymmetries (62) we define the following polarization asymmetries:
Then the CP violating asymmetry is
Analogously we define the polarization CP violating asymmetry for the energy spectra:
ii) The real parts of d γ,Z (s) can be singled out by measuring triple product correlations [8, 18] . A suitable asymmetry is given by [5] 
where N[(q ept )p b ) > 0(< 0)] are the number of b quarks produced above/below the production-plane { q e , p t } at a given polarization λ, λ ′ .
As in general O b λλ ′ gets also CP invariant contributions from absorptive parts in the SM amplitude, the truly CP violating contribution will be singled out through the difference:
In the above equation Ob refers to process (1) when thet decays. A non-zero value of (74) would imply CP violation in the ttγ and/or ttZ vertices. For the above asymmetries we have obtained expressions in which all phase space integrations have been performed analytically. 5 The process e + e − → blX
The differential cross section
From (18) and the expressions for ξ t and ξt we can obtain the differencial cross section dσ ± of processes (2) in the c. m. system. If we keep in (18) only the components of ξ t,t CP that are normal to the production plane, i. e. the terms proportional to D t and Dt in eqs. (35) and (48), we shall obtain the dependence of dσ ± on the triple product correlations of type (10) . In the c.m.system we have [9] :
whereq e ,p t , etc. denote the corresponding unit 3-vectors. σ l ± SM determines the expression for the SM cross sections of (2):
The expressions for σ ± 0 and A ± SM are given by (24) and (19) . For the functions C i we obtain 2 :
2 Note the i in the definitions of d (3) and (4) that leads to the appearance of the real form factors in C i in stead of the imaginary ones in [9] .
where P
t(t)
± and D
± , introduced previously in (56) are given by
The result of (77) - (80) can be easily uinderstood. The correlations (q lptpl ) and (q lptpb ) contain the production and t-decay planes, and thus CP violation from both the production and the decay may contribute to C 1 and C 2 . The triple products (p tplpb ) and (q lplpb ) contain only the decay plane, and thus CP violation only in the decay vertex may enter C 3 and C 4 . From the explicit expressions for C i , one can see however that C 2 gets no contribution from the production process. This is a result of a cancelation due to the same V − A form of the tbW and lνW vertices. The terms proportional to ℜeg CP R always enter multiplied by the SM-polarization and the kinematic factor E b m t / √ s. Consequently C 1 , the only term that contains ℜed γ , ℜed Z is the dominat one.
The cos θ l -distribution of the decaying leptons, that will depend on ℑmd γ,Z was obtained in [11] . The analytic expression is the same as that for the cos θ bdistribution, eq.(58), but for the replacement α b → α l , Γ t→bW → Γ t→blν . This can be understood having in mind the same γ α (1 − γ 5 ) form of the tbW and lνW vertices. Analytic expressions for the energy distribution of the secondary leptons l + and l − in case of CP violation in the production process were obtained in [12, 13] and later, including also CP violation in the decay in [14] . Observables sensitive to CP violation in the production and the decay are discussed in [14] .
Triple product correlations
With the set of triple products
, and T 4 = (q e p l + p b ), we define the following observables for processes (2) :
where N[T i > 0(< 0)] is the number of events in which T i > 0(< 0). For example a nonzero value of O t 1 would mean that there is a difference between the number of events in which l + are above and bellow the production plane (q e , p t ).
As O t i are T-odd asymmetries, they get contributions from final state interactions, too. The truly CP violating observables are the differencies:
and
where O t i refer to process (2) when the t-quark decays, and Ot i refer to process (2) whent decays.
As the considered triple products are not orthogonal, each observable O will measure CP violation in the decay. However, because of the suppression factors (t-polarization and kinematics) O 3 will be too small to measure CP violation. This model independent analysis was confirmed by our numerical results performed in the MSSM [9] .
CP violation in the t decay vertex
The matrix elements for t → bW + andt →bW − in case of CP violation are:
where V t,t are given by (5) and (6) . As shown in Sect. 2, eqs. (refsigmab) and (18) imply that the energy and angular distributions of the b quarks and the leptons, including the possible triple product correlations are actually sensitive to CP violation in the production process only. CP violation in the decay t-quark vertex leads to a nonzero value between the partial decas widths of t → bW andt →bW -the asymmetry A CP , eq. (9) . From the interference of the tree level amplitude and the loop corrections containingthe terms f L and g R , we obtain [16] :
In processes (1) and (2) this quantity can be measured by the asymmetries ∆ b and ∆ l respectively: 
Numerical results in MSSM
Up to now our expressions for the asymmetries were general and model independent.
Here we shall give numerical results for the CP violating asymmetries in the Minimal Standard Supersymmetric Model (MSSM).
In the SM CP violation appears through the phase of the CKM mixing matrix only if the three genetarions of quarks mix. This contribution is small, restricted by the unitarity condition on the mixing matrix. Further, again due to unitarity the dipole moment form factors d γ and d Z are at least two-loop effect and hence of academic interest only. The contribution of the self-energy loop in SM to the CP violating vertex was also shown to be extremely small [17] .
In the Lagrangian of the MSSM additional complex couplings are introduced [2] that lead to CP violation within one generation only. This leads to CP violation at one loop, free of the unitariry suppression. As the masses of the SUSY particles are not expected to be much heavier than the mass of the top quark, the radiative corrections through which the CP violating form factors are induced will not be strongly suppressed by the masses of the particles in the loop.
There are two physical complex couplings in the MSSM Lagrangian -the parameter µ in front of the Higgsino mass term, and the dimensionless parameter A f in the soft SUSY breaking piece of the Lagrangian. The magnitude of the CP violating form factors depend strongly on the phases of these parameters. The parameter A f depends on flavour. Measurements of the electric dipole moment (EDM) of the neutron put constraints on some of these phases [25] . This is the so called supersymmetric fine-tuning CP problem -usually one concludes that either the phases involved in the EDM of the neutron are very small or the masses of the first generation of the squarks are in the TeV region. A complete analysis of the constraints on the SUSY parameters from measurements of the EDM's of the neutron and the electron was done in [26] . Using supergravity with grand unification (GUT) there are attempts [27] to constrain also the phases of A t and A b that enter the CP violating form factors of the top quark. For our numerical analysis we shall not make any additional assumptions about GUT except unification of the gauge couplings, i.e. we do not assume unification of the scalar mass parameters and the parameters A f . As the mechanism of SUSY breaking is not known, an unambigous decision about CP violation in SUSY will be provided by experiment. [17] . Full expression of the contribution from the different diagrams was obtained in [16] , where also numerical integration was performed. Detail analysis of the dependence on the SUSY mass parameters was carried out in [28] .
The full expression is rather combursome, however a rather simple expression, that gives the order of magnitude of the effect can be obtained if only the diagram with (t 1 −χ 0 1 −b L ) is considered. For a very light neutralino, if we neglect the mixing between the gaugino componentsW 3 andB as compared to that between the gaugino and Higgsino componentsW 3 (B) andH 0 , as suggested by the minimal supergravity models [29] and parametrize the possible imaginary couplings by introducing a single CP violating phase sin δ CP we obtain [16] :
For maximal CP violation (sin δ CP = 1), mt L = 150 GeV and mχ0 = 20 GeV (near the exprimental bound), we have:
which is an asymmetry of the order of 10 −3 . This value is obtained also taking into account the constraints from the EDM's of the neutron and the electron [28] .
Conclusions
CP violation in the γtt and Ztt vertices in the production process e + e − → tt, and CP violation in the tbW vertex in the t-decays t → bW or t → bW → bl + ν have been assumed. Studying the single b-quark and lepton distributions we have defined asymmetries that can disentangle CP violation in the production from CP violation in the decay. The angular and energy asymmetries are actually sensitive to CP violaion in the production process only, CP violation in the decay being suppressed by the amount of the SM top quark polarization, for the secondary leptons it is suppressed also kinematically. Appropriate angular and energy asymmetries that determine independently the real and imaginary parts of the dipole moment form factors d γ (s) and d Z (s) are defined. CP violation in the decay can be measured through the difference between the total number of b andb quarks or l + and l − from the decay of the t andt quarks. Particular attention is paid to the polarization of the top quark. Analytic expressions for the considered distributions and asymmetries are obtained. These expressions are general and independent on the definite model of CP violation. In the formula that involve only the b quarks all phase space integrations have been carried out analytically. A numerical analysis of the asymmetries have been performed in the Minimal Standard Supersymmetric Model with complex phases. In this model the effects turn out to be of the order of 10 −3 . With the planned luminosities for the e + e − linear collider this is on the borderline of detectability. However other models of CP violation, for example the two-Higgs doublet model, can give much higher asymmetries [30] . Observation of the asymmetries discussed above will be interesting as it would be a definite signal of physics beyond the SM. 
